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Abstract 

We study the properties of two classes of meromorphic functions in the complex 
plane. The first one is the class of almost elliptic functions in the sense of Sunyer-i- 
Balaguer. This is the class of meromorphic functions / such that the family {f(z + 
h)}heC is normal with respect to the uniform convergence in the whole complex plane. 
Given two sequences of complex numbers, we provide sufficient conditions for them 
to be zeros and poles of some almost elliptic function. These conditions enable one to 
give (for the first time) explicit non-trivial examples of almost elliptic functions. 

The second class was introduced by K.Yosida, who called it a class of normal 
functions of the first category. This is the class of meromorphic functions / such 
that the family {f(z + h)}h<=c is normal with respect to the uniform convergence on 
compacta in the complex plane and no limit point of the family is a constant function. 
We give necessary and sufficient conditions for two sequences of complex numbers to be 
zeros and poles of some normal function of the first category and obtain a parametric 
representation for this class in terms of zeros and poles. 
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According to M.Bessonoff [2] and M.Favard [7], a meromorphic function / in the com- 
plex plain C is called almost elliptic if the following condition holds: for each e > and 
5 > 0, there exists L < oo such that every real or pure imaginary interval of the length L 
contains points r such that the inequality 

\f( z + T )-f(z)\<8 

holds for all points z £ C whose distance to the set of poles of / is larger than 5. 

A subclass of such functions with a uniformly bounded number of poles in all discs of 
radius 1 was investigated by H.Yoshida |20j. 

Another definition of an almost elliptic function was suggested by F.Sunyer-i-Balaguer. 

Definition 1 ([17]). A meromorphic function f ^ const in the complex plain C is called 
almost elliptic (we will say f £ AS, or f is an AS -function) , if for every e > there 
exists L < oo such that every real or pure imaginary interval of the length L contains at 
most one e-almost period of f, i.e., a point r with the property 

Ps(J{z + t)J{z)) <e for all z G C, 

where ps is the spherical metric in C. 

In his seminal paper [17] Sunyer-i-Balaguer investigated the class AS. In particular, he 
proved that a-points of every .4£-function have a uniform in a certain sense distribution. 
Moreover, they are equidistributed for all a £ C U {oo}. He also simplified conditions 
describing location of e-almost periods and proved Bochner's criterion 
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Theorem SB. The following conditions are equivalent 
a)feAS, 

(5) for each e > there exists L < oo such that every disc {z £ C : \z — c| < L} 
contains an e-almost period t, 

j) for each sequence (h n ) C C there exists a subsequence (h n >) such that ps(f(z + 
hri)j f( z + h m /)) —* as n', m' — ► oo, uniformly in 

Next, following to K.Yosida [19] (see also [20], [13], [5]), we introduce the definition of 
a normal function. 

Definition 2. ^4 meromorphic function f is called normal if for each sequence (h n ) C C 
there exists a subsequence (h n i) such that ps(f(z + h n >), f(z + h m >)) — > as n',m' — > oo 
uniformly on compacta in C. ^4 normal meromorphic function f is of the first category 
(f 6 A/i, or / is an jVi -function) if the family {f(z + /i)}/ l gc no constant functions 
as limit points. 

A typical example of A/i-function is l/z+E(z), where E is an arbitrary elliptic function. 
The class of normal meromorphic functions is well known and has proved to be useful in 
complex analysis, and in particular, in the Nevanlinna theory (see [19], |20j . [5], [12], [13] . 

EH)- 

However, until now, no description of zeros and poles of either normal or A/i-functions 
was known. 

The class AS formes a natural subclass of the class of normal functions in C, moreover, 
AS C Mi. Yet, there were no examples of _4.£-functions except for usual elliptic ones. 
Note that an appropriate description of the class of normal functions in C* = C \ {0} (i.e., 
meromorphic functions / such that the family {f(Xz) : A G C*} is normal in C*) was 
obtained by A.Ostrowski [15] (see also [H] and [5]). 

This paper is organized as follows. 

In §1, we prove main properties of A/i-functions and ^4<S-functions. Some of these 
properties are new, others were described in [5], [T7], [20]. For reader's convenience, below 
we will give complete proofs of these results. 

In §2, we obtain necessary and sufficient conditions for a pair of discrete sets with 
multiplicities (in our definition, a divisor) to be the zero set and the pole set, respectively, 
of an A/i-function. We also show that any A/i-function is a conditionally convergent 
meromorphic Weierstrass product of genus 1. 

In §3, we introduce a general notion of an almost periodic mapping. Following [16] and 
[8], we introduce the notion of an almost periodic divisor. We prove that each .A£-function 
has an almost periodic divisor. Next, under an additional assumption on the regularity of 
indexing of the divisor, we investigate properties of arg/. 

In §4, we find necessary and sufficient conditions for an almost periodic divisor with a 
regular indexing to be a divisor of an _4£-function /. Moreover, if this is the case, then / 
is a conditionally convergent meromorphic Weierstrass product of genus 0. 

In §5, we construct two examples of .4£-functions, which are not elliptic. 

Acknowledgements. I am very grateful to professor A.Eremenko from whom I 
learned about these problems. 

§1. Main properties of A/i-functions and AS- functions 

Let Z be the set of all integers. A mapping D : C — > 7L is a divisor in the complex 
plane C if suppD is a discrete set; the divisor is positive if D(C) C Z + U {0}. 

1 See also Proposition [4] below. 
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Let (a n ) be a sequence of points from the set D~ 1 {k G Z : A; > 0}, in which every point 
a occurs -D(a) times, and (b n ) be a sequence of points from the set D~ 1 {k G Z : fc < 0}, 
in which every point b occurs —D(b) times. We will write a divisor D as ((a n ), (&n))- 
Also, ((a n ),0) means a positive divisor. Furthermore, D = ((a n ),(b n )) is the divisor of 
a meromorphic function / if {a n } is the zero set of /, {b n } is the pole set of /, D(a n ) 
are multiplicities of the zeros a n , and —D(b n ) are multiplicities of the poles b n . By 
we denote the discrete signed measure with masses D(a n ) at the points a n and negative 
masses D{b n ) at the points b n . Let 1712(E) be the two-dimensional Lebesgue measure of a 
set BcC, m\(E) be the Hausdorff 1-dimensional measure of £7. If E is a rectifiable curve, 
then m\(E) is just the length of E. By B(c,R) denote the disc {z G C : |z — c| < i?}, by 
cardj4 denote the number of points in a discrete set A, and by C without indices denote 
any constant depending only on the divisor D or the function /. 

We begin with some simple properties of A/i-functions and .A£-functions (for dis- 
functions see [TT]). 

It is easy to check that if / is A/i-function and for a sequence {h n } 

Ps(f(z + h n ),f(z + h m ))^0 as n,m^ 00 

uniformly on compacta in C, then there exists a function g G A/i such that 

Ps(f(z + h n ),g(z)) -»• as n -> 00 

uniformly on compacta in C. Moreover, the classes A/i and .A£ are closed with respect 
to the uniform convergence in C. It is also clear that every A/i-function is a uniformly 
continuous map of C into the Riemann sphere. Next, a composition of a rational function 
with an A/i-function (_4£-function) is the A/i-function (.A£-function) . 

Theorem 1 (|20j). The divisor of any M\- function f satisfies the separation condition 

inf \a n - b k \ = 5 > 0. (1) 

n,k 

Proof. If f(a n ) = 0, then \ f(z)\ < 1 for z G B(a n ,5o), where 5q does not depend on n. ■ 

Theorem 2 ([20]). Suppose D = ((a n ), (b n )) is the divisor of an M\-function f , and 8 > 
is an arbitrary real number. Then there exists C$ < 00 such that 

\f(z)\<C s Vz?\jB(b n ,5), (2) 

n 

|/(*)|>1/C« Vz$\jB(a n ,5), (3) 
n 

and 

\f'(z)/f(z)\<C 5 Vz?(jB(b n ,6)u(jB(a n ,S). (4) 

n n 

Proof. Suppose ([3]) is false. Take a sequence (wt) such that Wk U n B(a n , 5) for all k and 
f(wk) — ► as k — > 00. Then there is a subsequence io^ such that ps(f(z + Wk>), g(z)) — > 
uniformly on compacta in C. In particular, g(0) = 0. Now Hurwitz' Theorem leads to a 
contradiction. In the same way we obtain ([2]). Using ([3|) and ([2]) for 5/2, we get (HJ). ■ 

Theorem 3 ([20]). Let D = ((a n ), (b n )) be the divisor of an M\-function f , and \pd\ be 
the variation of the measure fin- Then 

\/j, D \(B(c, 1)) = card{n : a n G B(c, 1)} + card{n : b n G B(c, 1)} < C Vc G C. (5) 
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Proof. If card{n : a n G B(ck, <W3)} ~^ 00 as k — ► 00, then for a subsequence (cfc') we get 
p(f(z + Cfe/), 3(2)) — ► uniformly on compacta in C, where g is a nonzero meromorphic 
function. In view of ([T]) and (|2J), we get |/(z + c&)| < C for |z| < 5q/3, hence, |/(z + 
c k') ~ g( z )\ —> in this disc. Then Hurwitz' theorem leads to a contradiction. Therefore, 
cardjn : a n G B(c, 5q/3)} < C for all c G C. The same is valid for poles of /. Thus, we 
obtain ©. ■ 

Corollary 1. Suppose D is a divisor with property ([5|); then 

\Hd\(E) <C Q S(E), for every set E C C, (6) 
where S(E) is the number of closed discs of radius 1 covering E, 

\(j, D \(B(c,r)) <Cr 2 , Vc G C, r > 1, (7) 

and 

f \w-c\~ k d\iJL D \(w) <Cr- {k - 2 \ VceC, r > 1, fc > 2. (8) 

</r<|ui— c 

Proof. Clearly, ([7]) follows from ©, and implies ([8]). ■ 
Theorem [21 Proposition [H and Liouville's Theorem yield 

Corollary 2. Every entire M\-function is a constant. 

Corollary 3. Suppose f\, f% are N\ -functions with the same divisor; then f\ = Kj% with 
a constant K G C. 

Note that Theorem [21 Theorem El and Corollaries [U - [3] for .A£-functions were proved 
in [IT]. 

The following simple proposition are needed for the sequel. 

Proposition 1. Suppose D is a divisor with property ([5]j and 5 < l/(2Cb). Then the 
diameter of every connected component A of the set A(5) = (U n B(a n ,5)) U (U n B(b n ,6)) 
is at most 25C$. 

Proof. It follows from ([6]) that any circle {z : \z — c\ = 1}, c £ A, has no common point 
with A. Therefore the disc B(c, 1) contains A. The statement now follows from ([5]). ■ 

Theorem 4 (|19j). For any f £ M\ with a divisor D = ((a n ), (b n )) there is Rq such that 

B(w,R )n{a n } neN ^®, B{w,R )n{b n } neN ^®, Vw G C. (9) 

Proof. Let B(wk, Rk) be discs without poles of / such that Rk — > 00. Using ([2]) with 6 = 1, 
we see that \ f{wk + z)\ < C for \z\ < Rk — 1, k = 1, — Furthermore, /(z + wy) — > ^(z) 
uniformly on compacta in C for a subsequence C (wv). Hence we get g(z) = const, 

which is impossible. Since 1/f G A/"i, we obtain the similar result for zeros of /. ■ 

Theorem 5 ([20])' A meromorphic function f is an M\- -function if and only if the fol- 
lowing conditions are fulfilled: 

a) for any 5 > 

l/C 5 <\f(z)\<Cs, Vz<?A{6) = [jB(a n ,8)u(jB{b n ,5), (10) 

n n 

b) zeros and poles of f satisfies jTJj, (E]), and (G|). 
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Proof. For any A/i-function / properties a) and b) follows from Theorems HJ 13 El and[H 
Let a meromorphic function / satisfy a) and b). If So is the same as in ([1]), then any 
connected component A of the set A(Sq/3) can not contain zeros and poles simultaneously. 
If it does not contain poles of /, then inequality (jlOp and the Maximum Modulus Principle 
yield \ f(z)\ < C for z G A. Similarly, if A does not contain zeros of /, then \ f(z)\ > 1/C for 
z £ A. Take a disc B(zo, So/3). We see that for each sequence (u>k) there is a subsequence 
(u>k>) such that at points of the disc either \f(z+w k ')\ < C for all k', or \1/ f(z + w k /)\ < C 
for all k'. Hence, in both cases there is a subsequence (itffc") C (w k ') and a meromorphic 
function g(z) in the disc B(zo,So/3) such that uniformly in z G B{zq,So/A) 

Ps(f(z + w k "),g(z))^0 as k" — > oo. (11) 

Let {i?(z n , <5o/4)} be a denumerable covering of C. Using the diagonal procedure, we 
obtain the subsequence (w k m) C (u>k") such that (fTTj) holds uniformly on compacta in C. 

In view of ([9]), every function f(z + w k n) has a pole and a zero in the disc B(0, Ro). 
Hence, g(z) ^ const and / G Mi. ■ 

The same argument proves the following theorem: 

Theorem 6. If a meromorphic function f satisfies U0\) for any S > 0, and its divisor 
satisfies (TIJ) and ([5]), then f is a normal function. 

Theorem 7. The product of fi , f 2 G Mi is a Mi -function if and only if the divisor of the 
function fif 2 satisfies {TP and (OJ). A similar assertion holds for the class AS. 

Proof. Necessity follows from Theorems [T] and HI To prove sufficiency, take a sequence 
(wk) C C. Then there exist functions gi, g 2 G Mi and a subsequence (wk>) such that 

Ps{fi(z + w k '), gi(z)) -v 0, ps(f2(z + w k >), g 2 (z)) -> as A;' -> 00, 

uniformly on compacta in C. Let U be the union of the discs B(bj,S) over all poles bj of 
gi and 52- Using Theorem O we obtain that uniformly on compacta in C \ U 

fi(z + wy) - gi(z) -> 0, / 2 (z + w k >) - g 2 (z) -> 0, 

(/i/2)(« + ^fc')-(5i52)(^) ^0 as fc'^oo. (12) 

Suppose that the distances between zeros and poles of the function /1/2 are at least e. 
Taking into account Proposition [H we see that for sufficiently small S, the diameter of 
any connected component A of the set U is less than e. Hence, A does not contain 
simultaneously poles and zeros of the function (fif2)(z + w k >). If A does not contain poles 
of {fif2)(z+w k ") for a subsequence (w k n) C (w k i), then the Maximum Modulus Principle 
and (fT2|) imply the convergence of the functions (/i/2)(z + uifc") to (5132) (2) uniformly in 
z £ A. If A does not contain zeros of {fif2)(z-\-w k »), then the same argument shows that 

l/l/i/2) (z + Wfc«) - l/(gig 2 )(z) -> as A/ -> 00 

uniformly in z G j4. Consequently, 

Ps(hh{z + ^fe")> 9i92{z)) ^0 as fc' -> 00 

uniformly on compacta in C. In view of ([9]), we get 3132 ^ const and /1/2 G Mi. Likewise, 
if /1, /2 G ^45 and the divisor of /1/2 satisfies ([I]) and (jSj), then /1/2 G ^1<S. ■ 

Theorem 8 ([5]). For any Mi-function f there is a constant C < 00 such that 

\log\f(c + re ie )\\de <C, (13) 

J 

/or all c G C and r > 1. 



5 



Proof. Let D = ((a n ), (b n )) be the divisor of /, and Ai, . . . ,Ajy the connected components 
of the set A(5) = \J n B(a n ,5) U \J n B(b n ,6), which have nonempty intersection with the 
circle z = c + re td . Put 5 = min{<5o/(2Co), X/(2Cq)}. By Proposition [Q it follows that 
diamAj < min{l, 5o} for every j = 1, . . . , N. From (pQ) it follows that each Aj does not 
contain poles and zeros of / simultaneously. From §6§ it also follows that the number kj 
of zeros or poles in the set Aj does not exceed Co- Since the annulus r — 1 < \w\ < r + 1 
is covered by Qnr discs of radius 1, we have 



N 



kj < 6-irCor. 



(14) 



Furthermore, using © and we get 

,2tt N 



[ n \log\f(c + re i9 )\\de< V / |log|/(c + 

JO 1 J Ej 



re ie )\\d6 + 2tt log C, 



(15) 



where Ej = {9 : c + re E A?}- Suppose a component A,- contains zeros of /. Take 
Pj(z) = 8 i na„eA,( z ~~ a «)- Since diamAj < So, we get 

1 < \Pj(z)\ < (diamAj /S) k * < (2C ) Co Vz E dA,-. 

Therefore, | log \f(z)/Pj(z)\\ < C for z E dAj. The Maximum Modulus Principle yields 
the same inequality for all z E Aj. Hence, 



log\ f(c + re w )\\d6 < I | log \Pj(c + re ie )\\d9 + Cmi{Ej) 



Next, we have 



log + \Pj(c + re ie )\d9 < m 1 {Ej)C Q log{2C Q ), 



and 



log^ 



1 



Pj(c + re ie ) 



d6 < E / 



\re iB -a n +c\<8 



log H 



re w + c — a r> 



(16) 
(17) 

d0. (18) 



Note that for every te %Lp E C, i > 0, we have 
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:\re i6 —te il <'\<& 



log i 



dd < I log H 

|6»-ip|<7r<5/2r 



5/r 



{0 ~ ^)2/vr 



rf6» < 5n/2r. 



Combining (fl~6|) . (fT7|) . and (fl~8|) . we obtain 



log + |/(c + re ie )||^ < C{m l {E j ) + kj/r). 



A similar bound is valid for Aj containing poles of /. Therefore, (|15p and ()14[) imply (fT3 



Theorem 9. Suppose f E A/"i /ias i/ie divisor D = ((a n ), (b n )); then 

cardjn : |a n | < t} — cardjn : |6 n | < t} 



The constant C is the same for all r > 1 and all shifts of f. 



dt 



< C. 
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Proof. Using Jensen's formula for the function /, we get 



MB(c,t)) 



1 



2?r 



1 



2tt 



t dt = ^J ^g\f(c + re M )\d9-—J^ log\f(c + e M )\d8. 

The result now follows from (|13|) . 

Theorem [9] has an analogue for algebraic sums of zeros and poles. 
Theorem 10. Suppose f £ N\ has the divisor D = ((a n ), (b n )); then 



E 



a, 



E 



v n: |a„ | <t n: \b n \<t 

The constant C is the same for all shifts of f . 



<C Vr>l. 



(19) 



Proof. Put w = u + iv. Consider the distribution A (it log \f(w)\). Since the function 
(log \f(w)\)' u is locally integrable over C, we see that the function nlog \ f(w)\ up to a har- 
monic function is a logarithmic potential of the measure u-2irfi£)(w) + 2(log \ f(w)\)' u m2{w) 
in the disc B(0,R). Applying Jensen-Privalov's formula for the annulus 1 < < r, we 
get 



1 

2^ 



2tt 



(r cos6)log\f (re i6 )\d6 



1 

2^ 



2tt 



cos#log|/(e ie )|d# 



' udn D (w)+ / 2{\og\ f(w)\)' u dm 2 

B(0,t) JB(0,t) 



dt 

T' 



Note that 



B{0,t) 



/t 
(log \f(Vt 2 -v 2 + iv)\- log \f(-Vt 2 - v 2 + iv)\) dv 



2t 



log|/(tcos6» + itsin6»)|tcos6' dO. 
Taking into account (|13p . we obtain 



B(0,t) 



dt 

T 



< c. 



The same bound is valid for the measures v-^d{w) and (u + iv) ■ fi£)(w). Hence, we obtain 
(|19|) . Obviously, the constant C does not depend on shifts of /. ■ 



Theorem 11. Let D = ((a n ),(6„)) be the divisor of an M\-function f . Then for any 
simply connected bounded domain E C C such that mi(dE) < oo, and any holomorphic 
function g in E we have 



< Csup\g(w)\(mi(dE) + 1). 

E 



g(w) dfi D (w) 

In particular, putting g(w) = 1, we obtain 

\hd{E)\ < C{m 1 {dE) + l). 
Next, for any k £ Z and 1 < r < R < oo 



I 

J r< 



w k djioiw) 



< C(r k+1 + R 



>r<\w\<R 

The constants in A20\) . h21}) . and \22}) do not depend on g and shifts of f. 



(20) 



(21) 



(22) 
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We need the following simple lemma. 

Lemma 1. Suppose a compact set F C C consists of M connected components and 
m\{F) < oo. Then there are at most M(6mi(F) + l) discs B(zk, 1) such that Li^B^Zp., 1) D 
F. 

Proof. Let F be a connected set. If F C B(z$, 1) for some zq S F, there is nothing 
to prove. Otherwise, by Besicovitch's covering principle ([I], also see [ID], Lemma 3.2), 
there are discs B(zk, 1), Zk E F, k = 1, . . . , S, such that Uj c B(zk, I) D F and every point 
of C belongs to at most 6 discs. Clearly, for each disc we have m\{F n B(zk, 1)) > 1. 
Therefore!!, S < £ fc m i( F n B ( z k, 1)) < 6mi(F). 

For the general case, one should apply this result to each connected component of F. ■ 

Proof of the Theorem. Using Lemma [U take a covering of dE by discs B(zk, 1), k = 
l,...,S,S< 6(mi(d£) + 1). Put Ei = E\ u£-B(* fc ,l). We have 

mi(5J5i) < 2^5 < 12vr(mi(a^) + 1). 

Next, using ([6]), we get 

|Mfl|(^\^i)<6C (mi(S^) + l). (23) 

Take 5 = l/(2Cb). Let j4i,...,^4at be all connected components of the set A(5) = 
U n B(a n ,5) U U n B(b n ,5) with nonempty intersection with dE%. Clearly, the diameter 
of every connected component is less than 1. Therefore, U^Aj C uf-B(^,2). Using ([7]), 

we obtain 

\fiD\iufAj) < \n D \(uf B(z k , 2)) < C( mi {dE) + 1). (24) 

Moreover, 



rrniufdAj) < 2TrS\fi D \(ufA j ) < C{m x {dE) + 1). 



Put E 2 = E 1 \ U^Aj. Obviously, E 2 is a finite union of domains in C, and dE 2 is a finite 
union of circular arcs such that 

mi{dE 2 ) < m^dEx) + m x (uf dAj) < C{ mi {dE) + 1). 

In addition, dE 2 n -A(<5) = 0. Using (pE|), we obtain that right-hand side of the equality 

f 9 (w) *.„(«,) = ± f S -^f^i W (25) 
Je 2 2tti 7 aB2 /(«;) 

does not exceed C maxg^ |<?(u;)|(mi(<9-E) + 1). This bound together with ([23]) and ([24"]) 
proves ([2D|) . 

To prove (|22p . we apply the above argument to the doubly-connected domain E = 
{w : r < \w\ < R} with g(w) = w . The integral in the right-hand side of (|25p over 
dE 2 n{w : \w\ < r + 3} is bounded by Cr k+l and the integral over dE 2 D{w : \w\ > R — 3} 
is bounded by CR k+1 . ■ 



Putting k = —2 and k = — 1 in (|22j) . we obtain 

Corollary 4. For every M\-function with the divisor D = ((a n ), (b n )) there is a finite 
limit 

Urn £ 1/4- l l h n- 



Next, for all r > 1 



r— >oo 

l<|a„|<r l<|fe n |<r 



^ l/a n - ^ l/6 n 

l<|a„|<r l<|6n|<r 



< c. 



The constant C does not depend on shifts of D. 
2 mi(E) is an additive function on Borel sets, see [6], p. 191 



S 



Remark. In fact, we have proved all theorems of this section (with the exception 
of Theorems 2] and [5]) for normal functions / such that g(z) = and g(z) = oo are not 
limiting functions for the family of shifts of /. 



§2. Representation for A/i- functions and description of zero sets and pole sets 



The main result of this section is 

Theorem 12. A divisor D = ((a n ), (b n )), a n ^ 0, b n ^ for all n is the divisor of f £ N\, 
if and only if the following conditions are fulfilled: 

a) inf^fc \a n -b k \ > 0, 

b) cardjn : \a n \ < 1} + cardjn : \b n \ < 1} < C, uniformly with respect to shifts of f , 

c) there exists a radius R < oo such that every disc B{c,R), c £ C, intersects with 
{a n } and {b n }, simultaneously, 



d) 



r cardjra : \a n \ < i] — cardjn : |6 n | < t} 



dt 



< C 



for all r > 1 uniformly with respect to shifts of f , 
e) 



i r 

r J i 



E an ~ E b « 

\n: \a n \<t n: \b n \<t 



dt 

T 



<c, 



for all r > 1 uniformly with respect to shifts of f , 
f) there exists a finite limit 

E v4- E 

l<\a n \<r l<|b n |<r 

Moreover, each M\-function with the divisor D = ((a n ), (b n )) up to a constant factor 
has the form 

nn:|a n |<r(l-^K)e 2/a " 



f(z) = lim . 

r ^°° Un:\b n \<r( 1 - Z / b n)e Z/bn 

Here the limit exists uniformly on compacta in C and 



a = lim y (l/b n - b n /r 2 ) - V] (l/a n - a n /r 2 ). 

r— >oo ^— » ^— » 



(26) 



(27) 



n:|b„|<r 



n:|a n |<r 



Proof. For a function / £ JVj_, conditions a), b), c), d), e), and f) follow from Theorems 
CI El H El HOI and Corollary H respectively. 

Let us prove sufficiency of these conditions. Put 

a(r)= [ (l/\w\ 2 - l/r 2 )wdfi D (w), f3{t) = [ wdfi D (w), 7 (i) = I {f3{s)/s)ds. 

Jo JB(0,t) JO 

Note that supp^£> n B(0,t) = for sufficiently small t. Integrating by parts, we get 



a(iJ) -a(r) = 2^ 



t 3 i? 2 r 2 ./„ t 3 

Using e), we get |7(t)| < Ct. Therefore, the limit a = — lim r _ +0O a^r) in ([27]) exists. 
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Furthermore, condition b) yields ([6]) and ([7|). Conditions ([7]) and c) imply that both 
sequences (a n ) and ib n ) have the genus 2. Using f), we obtain that the function / in (f2~6|) 
is well defined. Let us show that it belongs to the class M\. 

It follows from (1271) that we can rewrite (1261) in the form 



where 



friz) 



f(z)=hm o f r (z), 
n„ :W <,(l-*K)e^/ r 



n 



n:\b n \<r 



(1 - z/b n )e h ™ z / T 



Integrating by parts, we get 



log | f r (z) 



1 log 


z — w 






r 



dix D (w) 

i 

w\<r \w\<r 



1 log 


w 






r 



ZW A I \ 



I 



t 



log 



dt + 



j log 


w — z 




r 



jw\<r 

dji D {w) 



(28) 



w — z 



\w\<r,\w— z\>r 



d/iD(w) + Re < 



to— z\<r,\w\>r 



ZW 



d/i D (w) > . 



Jui|<r 



Let s(w) be a nonnegative number such that \w — s(w)z\ = r. If \w\ < r and \w — z\ > r, 
then s(w) G (0, 1] and 



log 



w — z 



Re 



Z{S{W) ~ 1] +0(|z| 2 /r 2 ) = Re - 1} ■ 2 



— s(w)z 

Since satisfies ©, we see that 

|/xd|({M <r,\w - z\> r}) < Cr(\z\ + 1). 

Hence, 



+ 0(|,z| /r ) as r — ► oo. 



log 



[w|<r,|w— z|>r 



«; — z 



d^oiw) = Re < ~2 / (s^) ~ 1)^ dno(w) > + o(l) 

I ' ./ |ui| <r,|ui— z|>r I 



as r — > oo. An application of the same argument shows that the sum of the last three 
integrals in (j28j) is equal to the real part of the sum 



z 



w dfj,o(w) + J s(w)w dfj,D(w) — J s(w)w dfi£>(w) 

w—z\<r \w\<r,\w—z\>r \w\>r,\w—z\<r 



(29) 



up to the term o(l) as r — > oo. Note that every point w £ B(0,r) \ B(z,r) belongs to 
B(sz,r) only for s £ [0, s(w)) and every point w E B(z,r) \ 5(0, r) belongs to B(sz,r) 
only for s S (s(w), 1]. Therefore, (f29|) is equal to the integral 



~2 w dfiD^w) ds. 

r JO J\w-sz\<r 
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Hence we obtain 



log = lim 



fx D {B(0,t)) - fji D {B(z,t)) 



( \ 



dt + Re 



yO \w—sz\<r 

Take 5 £ (0, 1) such that A(5). In view of b), the integral 

- 1 » D (B(0,t)) - [i D (B(z,t)) dt 
t 

is uniformly bounded in z G C \ A{$). Also, by d), the integral 

r fi D (B(0,t)) - fi D (B(z,t)) dt 



(30) 



is uniformly bounded in z £ C and r > 1 as well. Furthermore, since bound e) does not 
depend on shifts of //£>, we get for all z £ C and r < R, 



R 



1 

* JB(z,t) 



w — z d^D{w) dt 



In view of d) , we get 



R 



B(z,t) 



d^o{w) dt 



< C(r + R). 



< C. 



Therefore, 



R 



B(z,t) 



w dfi£)(w) dt < 



B(z,t) 



w dfi£>(w) dt 



< C(r + R+\z\). 



Replace z by sz, R by r + \z\, and integrate over s from to 1. We get 



1 



r+\z\ 



/ / u; d/X£)(w) ds I < C(r + |#|). 
Jo JB{sz,t) J 



Therefore, for some r' £ (r, r + \z 
Re^ 



[4/ / wdfi D (w)ds ] < C(r + |z| 

y r JO JB(sz,r') J 



Hence for a sequence r' — > 00 



Re 



( z 1 \ 
7^2 / / wdfi D (w)ds \<2C. 

\ |tu— sz|<r-' / 



Similarly, for some sequence r" — > 00 

( 

Re 



V mi— sz|<r" 



u; dnr>{w) ds > —2C. 



Taking into account (f30j) and d), we get (fTUj) . Now, by Theorem [5j f £ N\. The last 
assertion of the theorem follows from Corollary [3j ■ 
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Corollary 5. For every f G Mi with the divisor D = ((a n ), (b n )) and zq / a n , Zo ^ b r , 
for all n we have the representation 



f{z) = f(z )e a ^ lim 



II„:K|<r(* " O/(*0 ~ a n ) e (— >)/(—«) 



II»:|6„|<r(* " bn)/(z ~ b n )e^ ")/(fn -o) 

Proof. Note that for \zq\ < r/4 and \z\ < r/4 we have 

Iln:\a n \<M ~ z/a n )e^ n„ : | feri+ , |< r (l " z/b n )e^ 



(31) 



log 



(32) 



< \log(l - z/a n ) + z/a n \+ \log(l - z/b n ) + z/b n \ 

r-\zo\<\a n \<r+\zo\ j — |«o|<|i>n|<H-|3o| 
2 



< 



C\z\ 



-^■[card{n : r - \z \ < \a n \ <r + \z \} + card{n : r - \z \ < \b n \ < r + |zo|}]. 

(r - \z \y 

It follows from ([6]) that \{id\{{w : r — |zo| < M < ?~ + |^o|}) = 0(r) as r — ► oo. Hence the 
right-hand side of (|32p tends to as r — > oo uniformly on compacta in C. Applying (|26p 
with D = ((a n — zo), (b n — zq)) to f(z + zq), we obtain (j3Tj) . ■ 

Using Theorem [6] instead of[5l we obtain the following result: 

Theorem 13. Suppose a divisor D = ((a n ),(b n )), a n ^ 0, b n / for all n, satisfies 
conditions a), b), d), e), and f). Then D is the divisor of the normal function [26\). 



§3. Special properties of almost elliptic functions 

In what follows we need some properties of almost periodic mappings and divisors in 
the complex plain C. 

Definition 3. A set E C C is called relatively dense if there exists L < oo such that every 
disc of radius L has a nonempty intersection with E. 

Definition 4. Let g be a continuous mapping from C to a metric space (Y, d). A number 
t € C is called an e-almost period of g if 

d(g(z — r),g(z)) < e for all z G C. (33) 

The mapping g is called almost periodic if for each e > the set of e-almost periods of g 
is relatively dense in C. 

The following results are well known for almost periodic functions in the real axis (see, 
for example, [3], [4]). One can easily carry over their proofs to our case. 

Proposition 2. a) An almost periodic mapping is bounded and uniformly continuous, 

b) if a sequence of almost periodic mappings converges uniformly in C, then its limit 
is also an almost periodic mapping. 

Proposition 3. Suppose f : C — > C is almost periodic function such that infc |/(^)| > 0; 
then we have 

f(z) = e 9(z)+i(P'x+/3"y) ( ^ 0, G Rj z = x+ 

where g is an almost periodic function in C. 

Furthermore, the following proposition is valid. 
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Proposition 4. Suppose g : C — > Y is a continuous mapping; then the following conditions 
are equivalent: 

a) g is almost periodic, 

b) for each e > there exists L < oo such that every interval (a, a + L) of the real axis 
and every interval (ib, ib + iL) of the imaginary axis contains a point r satisfying k°33\). 

c) for each sequence (h n ) C C there exists a subsequence (h n /) such that d(g(z + 
h n ')i d( z + h m /)) —* as n',m' —* oo uniformly on C, 

In addition, if (Y, d) is the plane C with the Euclidean metric, then a) - c) are equiv- 
alent to the condition 

d) there is a sequence of finite exponential sums 

S k (z) = Y,c j , k e l{x - kX+x '^ y \ A^A^eR, z = x + iy, (34) 
j 

such that Sk(z) — g{z) — > as k — » oo uniformly on C. 

Proof. The equivalence of a), c), and d) is well known for almost periodic functions in 
the real axis R (see, for example, [3], [4]). In the same way, one can easily prove a similar 
result in our case. Furthermore, the sum of two e-almost periods is an 2e-almost period, 
hence b) implies that there is an 2e-almost period in every disc of radius y2L. Therefore, 
b) implies a). On the other hand, let G : x — * g(x + iy) be the mapping from R to 
the space Y of continuous bounded functions r(y), y E R, with the distance d(r±, r%) = 
sup^gjj d{r\(y), r2{y)). Suppose that a mapping g satisfies condition c); then for each 
sequence (h n ) C R there is a subsequence (h n i) such that d(G(x + h n >), G(x + h m >)) — * 
as n', m' — > oo uniformly in R. Consequently, G is an almost periodic mapping. Hence for 
each e > there exists V < oo such that every interval (a, a + V) C R contains a point 
r with the property 

sup d(g(z + r),g(z)) = sup d(G(x + r), G{x)) < e. 

For the same reason, there exists L" < oo such that every interval (ib, ib + iL") of the 
imaginary axis contains r with property (|33p . Hence b) is valid for L = max{L', L"}. ■ 

The class AS is just the set of all nonconstant meromorphic almost periodic mappings 
from C to the Riemann sphere. Hence we have just proved Theorem SB. 

Definition 5. A number r 6 C is an e-almost period of a divisor D = ((a n ), (b n )) if there 
exist bijections a : N — » N and a' : N — » N such that 

| On + r- a CT(n )| < e, \b n + r - 6 CT /( n )| < e V n E N. (35) 

The divisor is almost periodic if for each e > there exists L = L(s) < oo such that every 
disc B(z,L) contains e-almost period r. //, in addition, 135\) holds with o~(n) = o~'(n), we 
say that the divisor D is almost periodic with a regular indexing. 

For the case of positive divisors, Definition [5] is very close to the definition of an almost 
periodic zero set in a strip (see [11], Appendix VI, [18], [16], and [8]). 

Remark. Note that all previous definitions and statements are stable under any renu- 
meration of a n and b n . The same is true for the property of a divisor to be almost periodic, 
because such change means the replacing D = ((a n ), (b n )) by D = ({a s r n )), (b s u n \)), where 
s, s' are in general different bijections N — > N. However, it is not hard to see that in the 
general case the property of a divisor to have a regular indexing may violate, although it 
survives in the case s = s'). 
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Proposition 5. Suppose a divisor D = ((a n ), (b n )) is almost periodic; then ([5|) holds. If, 

in addition, D = ((a n ), (b n )) has a regular indexing, then 

do = sup \a n — b n \ < oo. (36) 

n 

For almost periodic positive divisors in a strip this assertion was obtained in [8]. 

Proof. There is L < oo such that any disc B(c, L) contains an 1-almost period r of 
the divisor D. If ([33]) holds for bijections a, a', then for any a n G B(c, 1) we get a a r n \ G 
B(0, 2 + L). Hence, 

card{n : \a n — c\ < 1} < cardjn : a n G B(0,L + 2)}. 

In the same way, we bound card{n : \b n — c\ < 1}. 

Now suppose that the divisor D has a regular indexing. Set 

M = max \a n — b n \. 

n:\a n \<L+l 

For a term a n i take an 1-almost period r £ B(—a n i, L). Using (|35|) with e = 1, we get 
K(n')l < £ + 1- Hence, |6 n / - a n >\ < \b a ^ - a a ^\ + 2 < M + 2. ■ 

Proposition 6. Zei D 6e an almost periodic divisor with a regular indexing; then for 
every sequence (hk) C C there is a subsequence (h' k ) C (hp.), a divisor D = ((a n ) (b n )) with 
a regular indexing, and bijections cr(k, •) : N — ► N smc/i £/iai 

sup|a S ( fc , n ) + /ifc - a n | -> 0, sup |6^( fcjn ) + /ifc - &„| ^ as fe -> oo. (37) 

n n 

Proof. Take e > 0. By E(e/A) denote the union of discs B(t, e/4) over all e/4-almost 
periods of D. It follows from Definition [5] that each set hk + E(e/A) intersects with the 
disc B(0, L(e/4)), moreover, the 7712-measure of the intersection is at least 7r(e/4) 2 /4. We 
get 

00 00 

^ n u l ( £ / 4 )) n ^ + £( £ / 4 ))d > °- 

m=l fc=m 

Hence there is a point z' , which belongs to every set h' k + E(e/4) for a subsequence 
(/lA;') C (/ifc). Therefore for each two terms h' k , h' s there exist e/4-almost periods r, r' such 
that \(h' k — h'g) — (r — r')| < e/2. Since r — r' is an e/2-almost period of L>, we obtain 

sup I a n + h' k - o a ( fc)Sin ) - Zi'J < e, sup |6 n + fr' fe - 6 CT ( fcjS)n ) - Zi'J < e 

n n 

for some bijections o~(k,s,-) : N — ► N. Using the diagonal process and passing on to a 
subsequence if necessary, we get 

sup \a n + h' k - a ff ( fc)S)n) - < 2~ fc , sup |6 n + /i' fc - b u{K ^ n) - h' s \ < 2~ k V k G N, s > fc. 

n n 

By definition, put 

=a(l,2,-), a(2,-) = ^(2,3,-)oa(l,2,-), ff(3, •) = a(3, 4, •) o a(2, 3, •) o a(l, 2, •), ■ ■ ■ 

Since 

\aa(k,n) + h , k~ a &(k+l,n)-h'k+l\ < 2 ~* ' 1 \ b a(k,n) + K ~ b v(k+l,n) ~ K+ll < ^ Vn,k G N, 

we see that there exist limits 

a n = lim (a 5(fc n) + h' k ), b n = lim (b B , k n) + h' k ), Vn G N. 

fc— »oo fc^oo 

It can be easily checked that the divisor D = ((a n ) (6 n )) is almost periodic, has a regular 
indexing, and satisfies ([37]) . ■ 
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Theorem 14. The divisor D of f £ AS is almost periodic. Moreover, for any e > there 
exists a relatively dense set of common e-almost periods of f and D. 

Proof. Take e > and put 5 = min{<5o, e}/Cq, where e>o is from ([1]), and Co from ©. Let 
A be a connected component of A(5), and A the union of A and all bounded connected 
components of C \ A. Then diann4 < e and A does not contain zeros and poles of / 
simultaneously. Now, by Proposition El 1/C < \f(z)\ < C for z G" A(5). Clearly, there is 
T) = rj(C) such that for any ^-almost period t of / we obtain 

l/(2C)<\f(z + r)\<2C, \f(z + r)/f(z)-l\<l/2 Vz A(5). 

Hence the increment of arg/(z + r) along dA coincides with the increment of &rgf(z), 
and the functions f(z + r) and f(z) have the same numbers of zeros (or poles) in A. 
Consequently, there exist bijections a and a 1 of N to N such that (|35p holds and t is a 
common max{e, r/}-almost period of / and D. ■ 

Theorem 15. For each AS -function with the divisor D = ((a n ), (b n )) there is an indexing 
of zeros and poles with property [36]) . 

Proof. The proof is based on a partition of the complex plane into quadrilaterals subor- 
dinating to if £ AS. The idea of partition belongs to F. Sunyer-i-Balaguer [17| . but his 
construction contains a small inaccuracy (he does not consider the case when the projec- 
tions of the zero set and the pole set to the real and imaginary axes are dense) . We shall 
give a complete proof here. 

Let / be an A£-function with the divisor D = ((a n ), (b n )), a n ^ 0, b n / for all n. 
Set r = min{|a n |/4, |6 n |/4, n = 1,2,.. .}, and take 5 < min{r, eq, 1}/(2Cq) such that 

5 ^ |Reo n |, 5 ^ |Re6„|, 5 ^ |Ima n |, 5 ^ |Im6 n | Vn, 

25 / \a n - a k \, 25 / \b n - b k \, 25 / \a n - b k \ Mn,k. 

Let U^ =1 ^4fc be the decomposition of the set A{5) = U n B(a n , 5)UU n B(b n , 5) into connected 
components. Note that A k n Ay = for all k ^ k' and any disc B[a n ,5) or B(b n ,5) is 
not tangent to the real or imaginary axis. Also, by Proposition [H diam^4fc < eo f° r & U k, 
therefore each A k does not contain zeros and poles simultaneously. 

Furthermore, let A kl be the component with the minimal index that intersects with the 
real axis I and {ol\,(5i) be the minimal interval of I containing this intersection. Replace 
in I the interval {ai,(3\) by a Jordan curve L\ C dA kl with the same endpoints. Note that 
the length of L\ does not exceed 2ir5 card{n : a n or b n G A kl }. Take the component A k2 
with the minimal index that intersects with I \ (ax,/3i) and repeat the above construction. 
Continuing like this, we obtain a Jordan curve l x C {z : \y\ < r}, G l x , such that 
l x D A{5) = 0. Note that if A k intersects with a segment [a, (5] of real axis, then A k is 
contained in the rectangle [a — 1, (3 + 1] X [— 1, 1]. In view of ©, the number of terms 
a n , b n in this rectangle is at most 12 max{/3 — a, 1}Cq, therefore the length of l x inside the 
rectangle {z : a < x < (3, \y\ < r} is at most C"max{/3 — a, 1}, where C depends on 5 
and Co- 

Similarly, we obtain a Jordan curve l y C {z : \x\ < r}, G l y , such that l y n A{5) = 
and the length of l y inside any rectangle {z : \x\ < r, a < y < f3} is at most C"max{/3 — 
a, 1}. 

In view of (fl~0|) . there is Cs < oo such that 

1/C 5 < \f(z)\ < C s Vz£A(5). 

Take e = e{5) such that 

l/(2C s )<\f(z + r)\<2C s , \f(z + T)/f(z)-l\<l/2, (38) 
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whenever ps(f(z + r), f(z)) < 2e and z G" A{8). Using Definition [fl take L > 4r and pick 
up a sequence of e-almost periods (t p ) p€ z in the real axis and another one (ir q ) q€ z in the 
imaginary axis such that 

L < t p+ i -t p <3L, L < r q+1 -r' q < 3L. 

Since B(0, 3r) n A(5) = 0, we see that ((38]) implies B(t, 2r) n A{8) = 0. Taking into 
account embedding l x C {z : |y| < r}, Z y C {z : \x\ < r}, we obtain 

B(r p ,2r)m x = B(r p ,2r)n{z : lmz = 0} VpeZ, 

S(i7^,2r)nZ v = B(i7^,2r)n{z: Rez = 0} VgGZ. 

Hence, the bounded domain R pq formed by the lines l x + ir q , l y + t p , l x + iT q+1 , l y + t p+ i, 
is a quadrilateral. Using (|38p . we obtain that the difference between the increments of 
continuous branches of arg/(z) along opposite sides of each quadrilateral R pA is less than 
7T. Now the Argument Principle yields the equality 

card{n : a n G = card{n : 6 n G -Rp,q}. 

for all p, q G Z. Since diami? P) g < 15L for all p, g, we obtain (|36p . ■ 
By definition, put 

G n {z)= log f 6 " ( " n "i V nGN, a„,6 n /0. 

The function G n (z) is well defined in the complex plane with discontinuity in [a n , b n ] 
under the condition G n (0) = 0. Also, put lmG n (z) = it + ImG n (oo) for z G [a n , b n ]. 
Suppose / is an „4£-function with a divisor D = ((a n ), (b n )), a n / 0, b n / 0. By Theorem 
[T2l / has the form (|26p . Using property (|36p . we obtain that the function 

arg/(z) =Imaz + ^] (ImG„(z) + Im(z/a n - z/b n )) 

n 

is well defined in the complex plane, and so is log f(z) outside zeros and poles of /. 

Proposition 7. Suppose an AE-function f has the divisor D = ((o n ), (b n )) with a regular 
indexing and property $36\) . Then there exists a constant (3 G C such that 

arg/(z) =1m(0z) +0(1). (39) 

Proof. Let <p{z) be a nonnegative smooth function in C such that (p(z) = 1 if 
dist{z, [0, 1]} < 1/2 and tp(z) = if dist{z, [0, 1]} > 1. By definition, put 

ff w— p{x:Ks^)* w }- <40> 

Also, put 5 = min{l/2, eo}/(5Co). Take e > 0, and let r be a common e-almost period 
of / and D. It follows from (0) and (|3"6"P that every z G C belongs to supports of at 
most Co(2do + 6) 2 terms of the sum in (|40p . Besides, the divisor Z) is almost periodic 
with a regular indexing. Therefore, 1/C < \H(z)\ < C and \H(z + r) — H{z)\ < Ce 
for z G C \ L4(5) U (A(<5) - r)]. In view of ([TD|, we have 1/Cj < |/(z)| < C,5 and 
|/(z + r) — /(-z)| < Ce as well. Hence, 



1/C < 



/(*) 



Hz) 



f{z + r) f{z) 



H(z + t) H(z) 



<Ce, V z U - r). (41) 
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Let A be a connected component of A(5). Since diamA < min{l/2, £o}, we see that A 
contains either zeros, or poles of /. For example, suppose that A contains zeros of /. By 
definition, put 

H A (z)=exp{ V (p ( 7——^- \ Gn{ z ) \ ■ 




We see that Ha{z) is holomorphic and has the same zeros as f(z) in A. On the other 
hand, 1/C < \H(z)/Ha{z)\ < C for z £ A. Applying the Maximum Modulus Principle to 
the function f(z)/HA(z), we get the bounds (|4ip for z £ A, therefore, for all z £ C 

Thus, the function F(z)/H(z) is almost periodic in C. Applying Proposition [3l we get 

f(z)/H(z) = exp{g(z) + ilm((3z)} for some (3 G C. 

Since the functions g(z) and Im \%2 n )G n {z)] are uniformly bounded in C, we 

obtain AMD- ■ 



For an arbitrary divisor D with properties © and (|36H denote by vjj the discrete 
measure with the complex masses a n — b n at the points c n = (a n + b n )/2. Clearly, 



\v D \(B{c,l))<C VcGC. (42) 

Proposition 8. Suppose f is an AE-function, {R p ^ q } is the above partition of the plane 
into quadrilaterals, and the divisor D = ((a n ), (b n )) of f has a regular indexing such that 
{n : a n £ R p , q } = {n : b n G R p , q }- Then for any simply connected bounded domain EcC 
we have 

\u D (E) - Pm 2 (E)/2ir\ < C{m x {dE) + 1). (43) 

Proof. Set 

h = {ip, q) : R P , q nE^®}, h= {(p, q) : R M C E}, R = U M&h R Ptq . 

It follows from the definition of R PiQ that for every p, q there is z Ptq such that B(z Ptq , 1) C 
R Pi q C B{z P:q , 4L) and each point z G C is contained in at most C(L) discs B(z Ptq , 5L). 
Since Si? is connected, we obtain that either <9-E is contained in the unique disc B(z pq , 5L), 
or mi(dE n B[z p ^ 5L)) > L for all (p, q) £ 1\\ I 2 - In both cases we obtain 

card(Ji \ J 2 ) < C(mi(9£0 + x )' mi(^-R) < C(mi(dE?) + 1), 
(m 2 + M)(£ \ i?) < (m 2 + |^|)(U (Pi(2)e/A/2 i? p , g ) < C(m x (dE) + 1). (44) 



Furthermore, using (|36|) . we get 

card({n : c n £ R, a n , b n i?} U {n : c n G" i?, a n , & n G i?}) < Cm\{dR). 
Therefore, 



^i>(-R) - ^ (a n - b n ] 



a n ,b„£R 



< Cmi(dR). (45) 



Define a continuous branch arg/(z) of the argument / in the set U P!q dR Ptq by the condition 
a?g/(0) = ar g/(0)- The increment of the argument of / along dR Ptq equals for all p, q, 
therefore the branch is well defined. The both ends of each segment [a n , b n ] belong to 
the same quadrilateral, hence the sum of jumps of arg/(2) along each side of R p<q is 
zero. Therefore, arg/(r p + ir') = arg/(r p + it') for all p, q. Note that |(arg/)'(z)| = 
\(Sgf(z)\ < \f'(z)/f(z)\ <Cm U p , q dR P:q . Using flSSJ, we get 

\Sgf(z) - Im (J3z)\ <C \/z £ \j p , q dRp, q . 
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Integrating by parts, we obtain 

1 



^ (a n - b n ) 

a n ,b n £R 



/'(*) , 1 

z dz = 

2?" .l dR f{z) 2vr 



dR 



aigf(z) dz + 0(mi(dR)) 



1 



Im(Pz) dz + 0(mi{dR)) = (3m 2 (R)/2ir + 0(mi(&R)). 



Now 



27r ./are 

and (|4"5j) yield the assertion of the proposition. 



§4. Almost elliptic functions with divisors having regular indexing. 



Let [i T be the translation of a measure [i in C, i.e., [i T (E) = ^(E + r) for each Borel 
set ficC. 

Here we shall prove the following theorem: 

Theorem 16. An almost periodic divisor D = ((a n ), (b n )), a n 7^ 0, b n / for all n, with 
a regular indexing is the divisor of f G AS if and only if the following conditions are 
fulfilled: 

a) the divisor D obeys |ip ; 

b) the measure vq satisfies for every convex bounded subset of C, 

c) the measure V£> satisfies the bound^ 



lim sup 

r^oo Jl<\w\<r 

In this case the function f has the form 



dvf- ) (w) — dv]j{w) 



w 



<C VzeC. 



f( z ) = i im TT e 

r — *rxn 



G„(z) 



(46) 



(47) 



n: \c n <r 



up to a constant factor. 

We begin with some lemmas: 

Lemma 2. Suppose an almost periodic divisor D = ((a n ), (b n )) has a regular indexing; 
then we have 



<E+(r) 

where 



(1/w — w/r )dv(w) 



+ 



(1/w — w/r )dv(w) 



E~(r) 



< C 



1 + 



r > 1, (48) 



E + (r) = {w : \w\ < r, \w + z\ > r}, E (r) = {w : \w + z\ < r, \w\ > r}. 
Moreover, if b) holds for and A = up — ({3 /2ir)m2, then we have 



1 w d\(w) 


<Cr 2 , 


/ wd\(w) 


< Cr 2 , r > 1 


J \w\<r 




J\w\<r 





d\(w)/w 



K\w\<r 



<C(l + logr), r > 1, 



(49) 
(50) 



It follows from (|52[) that we can check this condition only at points of a relatively dense subset. 
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dX(w)/w< 

r<\w\<R 

dX z (w)-dX(w) 



< Cr 



-i 



R> r > 1. 



K\w\<r 



W 



— - — ) du D (w) - 

K\w\<r,K\w-z\ \ w ~ z W J Jl<\w\<r 

All constants do not depend on shifts of D. 



< C(l + log+|z|), r>\z\ 2 + l, 

dv z D (w) — dvjj{w) i j3z 



+ T 



(51) 
(52) 

< a (53) 



Proof. Using Proposition \5\ we obtain © and (|36|) . Hence the measure v is well denned 
and satisfies (|42p . Hence, we obtain the bound |z/| (22 + (r) U E~{r)) < C(l + \z\)r. Since 
\l/w -w/r 2 \ < C\z\(r + \z\)/r 3 for w G (£ + (r) U E~(r)), we get (jlgj) . 
Next, put w = u + iv, a\(t) = X{w : \w\ < r, u < t}. We have 



w\<r 



udX(w) = / t da.\ (t) = ra.\ (r) — / 



(54) 



Since |«i(t)| < Cr, we see that the module of (|54p has the bound Cr 2 . Clearly, 
Ji^i^ vdX(w) has the same bound Cr 2 . Hence, we get (|4"5|) . 



Furthermore, integrating by parts, we get 
d\(w) f w dX(w) 1 



w 



w 



w dX(w) + 2 



l<|w|<r 



K|iu|<r 



K\w\<r 



w dX(w) 



\l<\w\<t 



dt 



Now (PJ implies (j501) . 

To prove (|5ip . consider the integral 



L 



u 2 /{u 2 + v 2 ) 2 dX{w) = / (l/t 2 )da 2 (t) = 2 a 2 (t)/t 6 dt, (55) 



'r<u 2 +ti 2 <i?,u>0 

where a 2 (t) = X(B(t/2, t/2) n [5(0, ft) \ 5(0, r)]). Using (03]), we get 

|a 2 (t)| < |A(S(0, R) n B(t/2, t/2))\ + |A(S(0, r) n B(t/2, t/2))\ < Ct. 

Hence the modulus of integral (|55p does not exceed C/r. Clearly, the same bound is valid 
for the integral 

Re(l/w 2 )dX(w) = J u 2 /(u 2 + v 2 ) 2 dX(w)- J v 2 / {u 2 + v 2 ) 2 dX(w) . (56) 
r<\w\<R r<\w\<R r<\w\<R 

The orthogonal transformation of coordinates u' = (u + v)/ y/2, v' = (u — v)/ \[2 reduces 
the integral 



/ lm(l/w 2 )dX(w) 
Jr<\w\<R 



(2uv)/(u 2 +v 2 ) 2 dX(w 



r<\w\<R 



to (j56j) . so (|5T|1 follows. 

To prove bound (I52p . put r\ = (\z\ + l) 2 . Decompose integral in (I52p into the sum 



dX z (w) - dX(w) 



+ z 



< \w \<ri 



l<\w\<r I" 



dX(w) 



+ 



!<\w\<r W 2 (W - z) jE-(n) 



dX z (w) 



IV 
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dX z {w) 



+ 



E+(n) 



w 



d\ z (w) 

E+(r) w 



d\ z (w) 

E~{r) w 



h+h + h + h-h + h- h- 



In view of ([50]) and ([EE]), we have < C(l + logri) and \I 2 \ < C\z\jr\. Using © and 
inequality \z\ < r\/2 < t/2, we get 



Next, 
h-h 



E+(r) 



\h\ < 2\ z \ 2 r 

J T\ 



" d\X \(B(0, t)) 
t 3 



< C\z\ 2 / ri . 



w r z 



E~(r) 



--^) d\ z {w)+ I %dX z (w 



w r d 



|t«|<r 



+ 



^d\ z (w)) + ~ Zy{B f r)) = Is - I. + ho - In + h, 



\w\<r r* 

Applying PH|) with the measure A 2 , we get |Jg| + |Jg| < C. Taking into account (fl9j) and 
(|43l) . we get |ii | < C, |/n| < C, and |7 12 | < C|z|/r < C. In the same way, \h - h\ < C. 
So (|52|) is proved. 

To prove ([53]) . note that 



du D (w) 



Next, 



£(z,l)\B(0,l) w 



dv D (w) 



+ 



dv D (w) 



B(0,l)\B(z,l) 



■u; — z 



< c/(i + M 



K|tt)|<r,K|ty-2| 10 z Jl<|-u;|<r,l<|ui+2 



^ J\w+z\<.r 



wdvf){w) 



1 



^ / wdv z D {w) + 

«)|<r 



£+(r) 



1 W 

w r 



— g ) dv z D {w) 



E~(r) 



^ ] ^£)(W) 



In view of (08]), the difference of last two integrals is uniformly bounded. Furthermore, 



|«;+z|<r 



wdv z D (w) — I wdv z D {w) 

z\<r J \w\<r 

-z ( [ d\(w) + L [ 

\J\w\<r 27T Jh 



|i«|<r 



wdX(w) 



w\<r 



wdX z (w) 



dmoiw) 



Applying ([49j) to the measures A and X z , and ([43|) to X(B(0, r)), we obtain (153j) . The 
proof is complete. ■ 

Lemma 3. Suppose an almost periodic divisor D = ((a n ), (b n )), a n ^ 0, b n ^ 0, with a 
regular indexing satisfies b). Then the limit 



G{z) = lim V GJi 

r — >na * 



(57) 



n: c n <r 



exists uniformly on compacta in C. Moreover, for every 5 > there exists a constant C$ 
such that the inequality 



lim sup 



G(z) + 



(3z 



du z D (w) — dvo{w) 



l<\w\<r 



W 



<C 5 



(58) 



is valid for all z £ C \ ^4(<5). 
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Proof. If \c n — z\ > 3(1q and \c n \ > 3do, then we get 



G n {z) =log- bg r , 



] o- ( a " ~ z ^ _ a " ~ b n + (a n - K) 2 



b n - z 



and 



Therefore, 



b n - z ' 2(b n - z) 2 
a n -b n (a n -b n ) 2 ^d({c„}) 



< C 



b n — z 



b n - Z 2(b n - z) 



z 4(b n - z) 2 (c n - z)' 



\G n {z)-v D ({c n })/(c n -z) + v D ({c n })/c n \ <C(\a n -z\ 3 + \a n \ 3 ). (59) 



Take R > r > 2\z\. Proposition [5] implies ([5]). Therefore the sum Y2\a n 



K-z|>l l"n 

converges uniformly in C. Hence the sum Ylmr<\c n \<R equals the integral 

1 1 



a„ — z\ 



L 



<\w\<R\W-Z W 



duo(w) = z 



dvpjw) 2 



<\w\<R w 



dvp{w) 
, <\w\<R W 2 (w - z) 



(60) 



up to the term tending to zero as r — > oo. Taking into account (|5ip an d equality 
fr<\w\<R dm2/w 2 = 0, we see that the first integral in the right-hand side of (|6T)|) tends to 
as r — > oo. Using ([8]), we get 



dv D (w) 



r<\w\<RW 2 {w - Z) 



as r —* oo. Hence, the limit in (|57j) exists. 
Thus, using ([59]) . we get 



n:3do <\c n \<r,\c„—z\ >3dg 



3do<\w\<r,3do<\w — z\ 



W — Z W 



dv D (w) 



< C. (61) 



Taking into account (l4"2j) . replace 3d® by 1. Combining (|53|) and (fBTl) . we get (f58l) . ■ 

Proof of the Theorem. Necessity. 

It follows from Theorem Q] and Propositions G2 [8] that the divisor D = ((a n ), (b n )) of 
.A£-function / is almost periodic and satisfies conditions ([I]) and ©. Moreover, since D 
has a regular indexation, we get b) and (|36|) . Next, for every (5 > bounds (flOj) and (f39l) 
imply the estimate 



log |/(^)| +iarg/(z) -ilm(/3z)| < C s Vz GC\A(«). 



(62) 



By Lemma [3j the function G(z) is well defined. Taking into account the definition of 
arg/(z), we see that the function 

E(z)= log f(z)-G(z)-Pz/2 

is holomorphic in C. Using ([58]) and (j62[) . we get 

dv z D {w) — dv£)(w) 



lim sup 



l<\w\<r 



for a sufficiently small 5 and z G C\A(5). It follows from ([52]) that |£(z)| < C(l + log+ \z\ 
in this set. Therefore, E(z) = const, and we obtain (|47p and (|46p . 
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Sufficiency. Let D = ((a n ), (b n )) be a divisor satisfying conditions of the Theorem. Let 
us show that the function / (|47f) belongs to the class AS. 

First, it follows from (|58|) and (|46|) that / satisfies (|lUp . The divisor D is almost 
periodic with a regular indexing, hence Proposition [5] implies ([5]) and Q. By Theorem [5l 
we get / G A/i. 

Take ft = min{<5 /6Cb, 1/3}. Put A(D,8 X ) = U n 5(a n ,ft) U U nJ B(6 n ,ft) and 
«!(/) = sup{log |/(*)| : 2 G C \ A(D, ft)}, 

a 2 (/) = inf{log \f(z)\ : z G C \ A(Z>, ft)}, 

Note that all zeros of / belong to the same connected component of C \ U n B(b n , ft), and 
all poles of / belong to the same connected component of C \ U n B(a n , ft). The function 
g(z) = ImG(z) — lm(3z/2 is harmonic in C \ U n [a n , b n ] and has the jump 2ir in each 
segment [a n , b n ]. It follows from (|58H and (146)) that g(,z) is uniformly bounded in C. Put 

a 3 (g) = sup{g(z) : z G C}, 

a A (g) = ixd{g(z) : z G C}. 

Let (Tijfe) be an arbitrary sequence. It follows from Proposition [6] that there are an almost 
periodic divisor with a regular indexing D = ((a n ), (bn)) and a subsequence (h' k ), which 
satisfy ([371) . Passing on to a subsequence, we can suppose that the functions g(z — h' k ) 
converge uniformly on compacta in (C \ [a n , b n ] to a function g. Clearly, g is harmonic 
in C \ U„[d n , b n ] and has the jump 2ir in each segment [a n , b n \. Moreover, we have 

"3(5) < a 3 (g), 04(g) > a 4 (g). (63) 

Furthermore, since / G Mi, we can pass on to a subsequence to obtain 

Ps(f(z - h' k ), f(z)) -^0 as k -> 00 

uniformly on compacta in C. Clearly, f(z) has the divisor D and the sequence (log \f(z — 
h' k )\) converges to log \f(z)\ uniformly on compacta in C \ A(D, ft). Hence, 

ai(f)<ai(f), a 2 (f)>a 2 (f). (64) 

Since f(z) = \f(z)\ exp{ig(z) + ilm(3z}, we get 

f(z) = \f(z)\e i ^ +ilml3z e i§ , where e i§ = lim e- iIm ^ . (65) 

Let us check that inequalities (|63l) and (f64]) are in fact equalities. Rewrite (|3T|) in the 
form 

sup |a CT -i( fc ,„) - /ifc - a n \ ->• 0, sup |6 CT -i( fc , n ) - ^ _ -> as /c -> 00. 

n n 

For some subsequence (h'l) C (/il) the functions g(z + h k ) converge uniformly on compacta 
in C \ U fifdfi, b n ] to a function g, which is harmonic in C \ U n [ct n , b n ] and has the jump In 
in each segment [a n , b n \. As above, for some A/i-function / with the divisor D we have 

Ps(f(z + h'l), f(z)) -^0 as k 00 

uniformly on compacta in C. Therefore, the function f(z)/f(z) is an entire function 
without zeros, which satisfies the inequality 1/(7 < |/(z)//(z)| < C in the set C\A(D, ft). 
Hence, /(z) = Kf(z), K G C. Now the inequalities 

«i(/) < ai(/) < ai(/), a 2 (/) > a 2 (f) > a 2 (f) 
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imply that \K\ = 1, and equalities (|64p prevail. Furthermore, using (|65p . we get 

/(z) = |/(z)| e i ^) +iIm ^eV, where e i? = lim e iIm ^ . 

fc— >oo 

Since = e~ i9 ~ and / = e iaTgK f, we get = argi-T + 2vrZ + 5 (z), I £ Z. Hence the 
inequalities 

«3(?) < 03(3) < «3(3), C*4(3) > 04(3) > 04(5), 

imply that K = 1. and equalities (j63|) prevail. 

To prove / € »4£ we shall show that sup z6C ps(f(z — h' k ), f(z)) — > as k — > 00. 
Assume the contrary. Then there exists an £0 > and a sequence such that 

Ps(f(z k - h' k ), f(z k )) > e . (66) 

Using Proposition [H take a subsequence (t k i) of (/i^) with the following properties: 

sup|a (7 *(fc/ )n )+ifc/-2fc/-a*| -> 0, sup |6 CT » (fe / )n ) + -6* | -> as A/ — > 00, (67) 



sup |a CT »*(fc',«) - 2*;' -an*l 0; SU P \ba**(k',n) ~ Z V - K*\ ~> as k' -> 00, 

n n 

g{z - t k < + z k <) ^ g* (z) as fc' -» 00 
uniformly on compacta in C \ U n [a* , 6*], 

5(2; + Zfe/) — > g**(z) as k' ^ 00 
uniformly on compacta in C \ U n [a**, 6**], 

-**'+**>), /*(«)) -0, p 5 (/> + ^): /**(*)) ~>0 as fc'^oc (69) 

uniformly on compacta in C. 

Here D* = («), (&£)), L>** = («*), (6;*)), o-*(A/, •) and o"**^', •) are bijections N -> 
N, /* is an A/i-function in C with the divisor D*, /** is an A/i-function in C with the 
divisor D**, g* is a harmonic function in C \ U n [a*, 6*], which has the jump 27r in each 
segment [a*, 6*], and 5** is a harmonic function in C \ U n [a**, &**], which has the jump 
2-7T in each segment [a**, 6**]. 

Combining ((HZJ, {EJ), and ([68]), we get 

SU P K(fc',n) - a n\ -» °. SU P l b ?(fc',n) - °n*l ^ as ~» °°, 
n n 

where a(k' , •) = (a*)~ 1 (k', •) o 0"(A/, •) o a**(k' , •). The sequence (a*) has not limit points, 
hence for each n the number a(k',n) is the same for all k' > k n . Since a(k',n) are 
bijections, we obtain that <x(n) = lim.k'— >00 &(k',n) is a bijection as well. Therefore, 

a 5(n)= a n, h(n)=K 

Hence, D** = D* up to the same rearrangements of (a*) and (6*). 
Furthermore, (|47|) and (|65ft yield 

= |/*(z)|e i9 * W+iIm/3 V r , where e ie * = lim e -*»%-*) ) 

fc^oo 

/**( z ) = |/**(z)|e i9 ** W+tIm/3 VV r *, where e ir * = lim e iIm/3 **'. 

As before, the function f*(z)/f**(z) is bounded on the set C \ A(D*,5i) and has not 
zeros and poles in C. Hence, f*(z) = Kf**(z). The equalities ctj(f*,D*) = aj(f,D) = 

aj(f,D) = aj (f**,D**), j = 1,2 show that \K\ = 1. Since e id * = e iS e i9 ** , we^ get 
g*(z) = g**(z) +&rgK + 2nl, I G Z. The equalities atj(g*,D*) = ctj(g,D) = ctj(g,D) = 
ctj(g**,D**), j = 3,4 yield g*(z) = g**(z) and f*(z) = f**(z). The last equality contra- 
dicts to (JM]) and ([66]). Hence, f e AS. ■ 
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5. Examples of almost elliptic functions 



Suppose that Q(z) is a finite exponential sum (|34p (or a uniform limit of a sequence 
of sums (1341)) with the additional condition 



^j,kn + X'a k n" G" 27rZ for all n = n + in" G Z 2 . 



(70) 



Consider the almost periodic mapping F(z) = (Q(z); exp 27rix; exp 27riy) from C to C 3 
with the Euclidean metric. It can be easily checked that F{z) satisfies condition b) of 
Proposition |U Therefore, F{z) is almost periodic. Then, for each e > 0, every disc 
B(c, L) with L > L(e) contains a point r = r' + it" such that the function Q(z) : C —* C 
satisfies ([33]) . Besides, we get |1 — exp27rir'| < e, |1 — exp27rir"| < e, hence each disc 
B(t,e/8) intersects with Z 2 . Since Q(z) is uniformly continuous in C, we see that for 
every r\ > there exists a relatively dense set E C Z 2 such that |Q(^ + r) — < r\ for 

all z G C and t £ E. Set 



g(n) = Q(n) — Q(n — 1) — Q(n — i) + Q(n — 1 — i), n G 



C 



In view of (|70p . the function g(n) has no period r G Z 2 . Also, take a complex number 
p G 5(0, 1/6) \ {0} and a positive number 7 < |p|(sup nGZ 2 |g(n)|) _1 . 

Example 1. Put a n = n+p+^/q(n), b n = n—p — 7<?(ra), n G Z 2 C C. Let us show that 
the divisor D = ((a n ), (b n )) satisfies the conditions of Theorem 1161 Clearly, the divisor D 
is almost periodic with a regular indexing. 

Condition ([1]) follows from the inequalities \a n — b m \ > 1/3 for n ^ m and \a n — b n \ > 
2\p\ — 27sup neZ 2 \q(n)\ for all n. 

Furthermore, let E he a convex bounded set. Since (a n + b n )/2 = n for all n G Z 2 and 
vd(p) = 2p + 2^/q(n), we get 

v D (E) = 2p card E n Z 2 + 2 7 J^[Q(n) - Q(n - 1) - Q(n-i) + Q(n - 1 - i)]. 
Clearly, (card E n Z 2 - m 2 (£)| < C{m 1 {dE) + 1). Also, 



^ Q(n - 1) - £ Q(n) 

raGE n<=E 



< Cmi{dE). 



The same is true for the difference Yln&E Q( n ~ *) — Sne-E ( 5( n — 1 — 0- Hence, we obtain 
ED with /? = 4vrp. 

Furthermore, for any G Z 2 we have 



E 

l<|n|<r 



Q(n- 1 - k) 



n 



E 



Q(n - fc) 



n + 1 



< 8 sup \Q(n) 



+ sup |Q(n) 



2<\n\<r 

cardjn : \n\ < r, \n — 1| > r} + cardjn : \n — 1| < r, |n| > r} 

r-2 ' 



Obviously, the right-hand side of this inequality is bounded uniformly in k G Z 2 and r > 3. 
By the same argument, 



E 

l<\n\<r 



Q{n — i — k) 



n 



E 

2<\n\<r 



Q(n - k) 
n + i 



< C 
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and 

Therefore, the sum 
]{n — k) 



E 

l<\n\<r 



Q(n-1 



k) 



n 



E 

2<\n\<r 



Qjn - fc) 
n + 1 + i 



< C. 



E 

l<\n\<r 



n 



E 

l<\n\<r 



Q(n — k) — Q(n - 1 - k) - Q(n - i - k) + Q(n - 1 



A;) 



up to a bounded term has the form 
E Q(fi-k) 

2<\n\<r 



1 



1 



n 



+ 



n + 1 n + i n + 1 + i 



Note that the absolute value of the expression in the square brackets does not exceed 
C|n| -3 . Taking into account the equality ^({n}) — V£j({n}) = 2 r y{q{n — k) — q(n)), we 
obtain that (|46p is satisfied for all z G Z 2 C C. So that formula (|47p with the divisor 
D = ((a n ), (6 n )) an d /3 = 47rp defines an .A£-function. 

Example 2. Put a n = n + p + ^yq(n), b n = n — p + 7(/(n), n G Z 2 . The divisor 
D = ((a n ), (b n )) is almost periodic with a regular indexing. Also, we obtain ([1]). Next, 

a n ~ b n — 2p, and for every convex bounded set I? we have 

\u D (E) - 2p caxd(E n Z 2 )| < |i/ D |((5£;) 1/6 ) + 2|p| card((3£) 1/6 n I 2 ) < C(mi(dE) + 1), 

where {dE)ijQ is the (l/6)-neighborhood of dE. So, we obtain (|43H . Finally, the difference 

v D (n + ^q(n)) ^ v D {n + ~jq(n - k)) 



E 



l<|n+7q(n)|<r 



n + r yq(n) 



E 



l<|n+7q(n— fc)|<r 



n + 7g(n — A;) 



up to a bounded term is equal to the sum 



2<|n|<r 



/(n — k) 



n 



(n + ~fq{n))(n + jq(n - k)) 



(71) 



Arguing as above, we see that the sum E^ 2< | n | <r 9(^ — k)/n 2 is uniformly bounded for 
r > 3 and k E Z 2 . Hence, the same is true for (|7ip . Therefore, condition (|46p holds for all 
z G Z 2 , so that formula (|47p with /? = Airp defines an ^4<?-function. 

Question. If there exists an almost periodic divisor of an .A£-function, which has no 
regular indexing? 
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